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subshell occupancies, such as presented in Fig. 37 for the Ge
isotopes. [We note that transition densities deduced from
inelastic electron scattering also can reveal important infor-
mation about differences in the structure of 0þ configurations

(Bazantay et al., 1985).] It is evident that the concept of a
single pairing condensate (single vacuum) upon which all
collectivity is built is probably never realized in nuclei.

A useful overall view of excited 0þ states in nuclei is
presented in Table VII which shows the lowest known cases
across the mass surface. In particular, many of these cases lie
in regions of established shape coexistence and, indeed, have
been identified as coexisting structures.

4. Where to look

Shape coexistence at low energy has now emerged in a
widely spread number of mass regions as the result of a
variety of dominant structural factors. We suggest criteria
for further searches below, but we caution that the historical
record has been rather full of surprises.

The overriding factor that appears to be needed for the
appearance of shape coexistence at low energy is a competi-
tion between an energy gap and a residual interaction that
lowers the energy of configurations involving promotion of
nucleons across the gap.

The occurrence of the ‘‘gap and interaction’’ mechanism
most commonly can arise in singly closed shell regions near
midshell (for the other kind of nucleon) and V!;". The Z ¼ 50
and 82 regions near N ¼ 66 and 104, respectively, are clear
manifestations of this. But this rule needs an exception for the
N ¼ 50 and 82 regions near Z ¼ 39 and 66 where low-energy
shape coexistence is not observed: The suppression effect of
subshell gaps at Z ¼ 40 and 64 appears to be the answer. The
most valuable data in support of this idea are those at Z# 40,
N # 60 as manifested in Figs. 27 and 28 which show that
nuclei at and close to double-subshell gaps can exhibit shape
coexistence via the suppression of ground-state collectivity.
Thus, shape coexistence in the N ¼ 50 and 82 regions needs
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FIG. 50. A similar pattern, as the one in Fig. 49 (the Ni isotopes)
for the N ¼ 50 isotones, also involving the same shell-model
orbitals. The data are from Nuclear Data Sheets.

TABLE VI. Mixing strength (in units of keV) used in the description of energy, decay, and transfer
reaction properties of coexisting structures.

Isotope Vmix Quantities fitted Reference

72Kr 310 E Becker et al., 1999; Korten, 2001; Bouchez et al., 2003
74Kr 340 E Becker et al., 1999; Korten, 2001; Bouchez et al., 2003
76Kr 250 E Becker et al., 1999; Korten, 2001; Bouchez et al., 2003
78Kr 200 E Becker et al., 1999; Korten, 2001; Bouchez et al., 2003
98Sr 67 E, BðE2Þ, #2ðE0Þ Mach et al., 1989

34 BðE2Þ, #2ðE0Þ Wu, Hua, and Cline, 2003
100Zr 115 E, BðE2Þ, #2ðE0Þ Mach et al., 1989

88 BðE2Þ, #2ðE0Þ Wu, Hua, and Cline, 2003
98Mo 326 BðM1Þ Rusev et al., 2005
100Mo 321 BðM1Þ Rusev et al., 2005
112;114Cd 297 $ðt; pÞ O’Donnell, Kotwal, and Fortune, 1988
152Sm 310 #2ðE0Þ Kulp et al., 2007
176Pt 180 E Dracoulis et al., 1986
178Pt 210 E Dracoulis et al., 1986
180Pt 220 E Dracoulis et al., 1986
182Pt 230 E Dracoulis et al., 1986
184Pt 240 E Dracoulis et al., 1986
186Pt 220 E Dracoulis et al., 1986
188Pt 400 E Dracoulis et al., 1986
192Pb 52 BðE2Þ, #2ðE0Þ Van Duppen, Huyse, and Wood, 1990
194Pb 51 BðE2Þ, #2ðE0Þ Van Duppen, Huyse, and Wood, 1990
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E(21+)	systema?c:	a	simple	view	of		
nuclear	structure	

•  H	

A key question with respect to the N ! 20, 28 neutron-rich
region is ‘‘To what degree do the N ¼ 20 and 28 shell
closures appear to survive?’’ Figure 46 shows the systematic
pattern of the energy of the first-excited 2þ state as a function
of N and Z in this region. This is always a leading indicator of
nuclear structure in any mass region. We point, especially, to
the strong asymmetry across the N ¼ 20 line for the Ne and
Mg isotopes, and the asymmetry across the shell; cf. 34Si and
42Si. Evidently, significant changes in structure are occurring.

We mention a few issues for which there are some encourag-
ing answers. With regard to what is happening in 30–34Mg, a
deformed structure has probably intruded to become the
ground state at 32Mg: An excited 0þ state has been observed
in 30Mg at 1789 keV by Schwerdtfeger et al. (2009), which
may be the deformed intruding structure.

There has been emphasis placed on the importance of
delineating the border of the island of inversion. Thus, there
has been debate regarding whether the ground state of 33Al is
inside or outside of the border (Himpe et al., 2006; Tripathi
et al., 2008b). The debate hinges on the reliability of struc-
tural interpretation based on spins and parities deduced from
logft values (Tripathi et al., 2008b) versus magnetic moment
values [see Yordanov et al. (2010)]. While the unequivocal
resolution of these questions will provide a deeper insight
into the structures underlying this region, it should be evident
from the occurrence of shape coexistence in other mass
regions that exactly which nuclei possess intruder ground
states is interesting, but not profound: but for 12.6 keV
(cf. Fig. 42), 45Sc would have been an island of inversion.

The importance of pairing structure in its role underlying
shape coexistence has been emphasized for a number of mass
regions in this review. We point to the use of ‘‘knockout’’
reactions as a promising fingerprint for exploration of in-
truder structures in this region. Following details of the
underlying theory (Hansen and Tostevin, 2003; Tostevin
et al., 2004; Tostevin and Brown, 2006), a number of appli-
cations have been made; see, e.g., Sauvan et al. (2000), Bazin
et al. (2003), Fridmann et al. (2006), Yoneda et al. (2006),
Diget et al. (2008), Gade et al. (2008), Terry et al. (2008),
Miller et al. (2009), Nakamura et al. (2009), Simpson et al.
(2009a, 2009b), Fallon et al. (2010), Gade and Tostevin
(2010), and Kanungo et al. (2010). See also Catford et al.
(2005), Gaudefroy et al. (2006, 2008), and Lee et al. (2010);
and combined with in-beam !-ray spectroscopy, for a recent
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FIG. 44. Systematics of the even-mass N ¼ 20 isotones. Known
and possible "ð2p-2hÞ states are shown. In 38Ar this structure gives
rise to a deformed band. The extrapolation of this structure (see also
Fig. 45) to explain the deformed states in 32Mg is discussed in the
text. The estimate of the 0þ "ð2p-2hÞ state at 2400 keV in 34Si is
from Fig. 45 (and see the remark in the text on the 2þ1 state in 34Si).
The data are from Endt (1998), Nummela et al. (2001a), Rudolph
et al. (2002a), Wimmer et al. (2010), and Nuclear Data Sheets.
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FIG. 45 (color online). Systematics of multiparticle–multihole
states in the N ¼ 19, 20, and 21 isotones. The sum of the
"ð1p-2hÞ and "ð2p-1hÞ state energies strongly correlates with that
of the "ð2p-2hÞ state energies (cf. Figs. 17 and 24), supporting the
extrapolation shown in 34Si and 32Mg. The N ¼ 21 extrapolation
from 35Si to 33Mg is assumed to be parallel to N ¼ 19. The data are
from Endt (1998), Nummela et al. (2002), Z.M. Wang et al.
(2010b), Wimmer et al. (2010), and Nuclear Data Sheets.
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FIG. 46. Energies of 2þ1 states for N & 18, Z ' 24, illustrating
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Has	the	shell	structure	@	N=20	
“collapsed”	or	“melted”	for	Z	≤	12?	
	
And	@	N=28	for	Z	≤	14?	

Energies	are	in	keV	



Intruder	states	or	
the	“island	of	inversion”	@	N=20	
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Electric	quadrupole	transi?on	probabili?es		
B(E2;	21+	->		01+):	Deforma?on 	

Large B(E2) values: 
open-shell nuclei are deformed 

R&W	Fig.	1.38	



B(E2)	values	

															B(E2)	=	9527	/	Eγ5		T1/2		A4/3	
	

	Eγ in	MeV	
	T1/2	in	ps*	
	B(E2)	in	Weisskopf	units	(W.u.)	
						B(E2)	W.u.	=	5.940	x	10-6	A4/3		e2	b2	
	

*There	are	mul?ple	processes	per	decay	path,	e.g.,	γ decay	and	internal	conversion;	
some?mes	more	than	one	decay	path:	T1/2	=	T1/2	(measured)	/	branching	frac?on.	
				
e—unit	of	electrical	charge;		b	=	barns,	1b	=	10-24	cm2		



V.F.	Weisskopf	(units):	Phys.	Rev.	83	1073	(1951)		

The	assump?ons	made	in	deriving	these	
es?mates	are	extremely	crude	and	they	
should	be	applied	to	actual	transi?ons		
with	the	greatest	reserva?ons.	
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Figure	2.4.	Plot	of	B(E2;	21+	à	01+)	in	W.u.	versus	E(21+)	in	keV	for	all	available	data	
(for	doubly	even	nuclei).	This	illustrates	the	inverse	rela?onship	between	the	two	quan??es.					
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Doubly	closed	shell	nuclei	

R&W	Fig.	1.2	
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Doubly	closed	shells,	N	=	Z:	16O,	40Ca	
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Figure 1.73: The excited states of 16O
showing all known states up to 11.1 MeV
and selected other states. The first ex-
cited state at 6.049 MeV is a 0+ proton-
pair-neutron-pair excitation across the 8-
nucleon shell gaps. Associated with it is
a band of states (shown directly above it)
with spin-parities 2+, 4+, 6+. Their inter-
relationship is supported by gamma-ray de-
cay data for which B(E2) values are given
in Weisskopf units. The close spacing of
the 0+, 2+, 4+, 6+ band members and the
large B(E2) values indicate large deforma-
tion. There is also evidence for a K� = 0�

and a K� = 2+ band. (The states on
the left are believed to be predominantly
non-deformed one-particle-one-hole excita-
tions.) (The data are taken from Tilley
D.R., Weller H.R. and Cheves C.M. (1993),
Nucl. Phys. A564, 1.)
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Figure 1.74: The excited states of 40Ca
showing all known states up to 5.9 MeV and
selected other states. The first excited state
at 3.35 MeV is a 0+ proton-pair-neutron-
pair excitation across the 20-nucleon shell
gaps. Associated with it is a band of states
(shown directly above it) with spin-parities
2+, 4+, 6+ (cf. Figure 1.73 for 16O). There
is evidence for an even more deformed band
built on a 0+ state at 5.21 MeV. There is
also evidence for a K� = 2+ band built
on the 2+ state at 5.2 MeV. (The data are
taken from Nuclear Data Sheets.)

This is reflected in its very close energy spacing and a very large B(E2) value
between the 4+ and 2+ states.

The structures of the deformed excited states in 40Ca are revealed by the multi-
nucleon transfer reactions summarised in Figure 1.75. The first excited 0+ state
in 40Ca can be interpreted as resulting from the excitation of both a proton pair
and a neutron pair across the closed shells at N,Z = 20. This is supported by
the strong population of this state in the 36Ar(6Li, d)40Ca reaction. Even more
dramatic is the evidence from the 32S(12C,�)40Ca reaction which suggests that the
5.21 MeV state results from the excitation of two proton pairs and two neutron
pairs across the N,Z = 20 shells. The energy spacing of the band built on the 5.21
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at 3.35 MeV is a 0+ proton-pair-neutron-
pair excitation across the 20-nucleon shell
gaps. Associated with it is a band of states
(shown directly above it) with spin-parities
2+, 4+, 6+ (cf. Figure 1.73 for 16O). There
is evidence for an even more deformed band
built on a 0+ state at 5.21 MeV. There is
also evidence for a Kº = 2+ band built
on the 2+ state at 5.2 MeV. (The data are
taken from Nuclear Data Sheets.)

This is reflected in its very close energy spacing and a very large B(E2) value
between the 4+ and 2+ states.

The structures of the deformed excited states in 40Ca are revealed by the multi-
nucleon transfer reactions summarised in Figure 1.75. The first excited 0+ state
in 40Ca can be interpreted as resulting from the excitation of both a proton pair
and a neutron pair across the closed shells at N,Z = 20. This is supported by
the strong population of this state in the 36Ar(6Li, d)40Ca reaction. Even more
dramatic is the evidence from the 32S(12C,Æ)40Ca reaction which suggests that the
5.21 MeV state results from the excitation of two proton pairs and two neutron
pairs across the N,Z = 20 shells. The energy spacing of the band built on the 5.21
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This is reflected in its very close energy spacing and a very large B(E2) value
between the 4+ and 2+ states.

The structures of the deformed excited states in 40Ca are revealed by the multi-
nucleon transfer reactions summarised in Figure 1.75. The first excited 0+ state
in 40Ca can be interpreted as resulting from the excitation of both a proton pair
and a neutron pair across the closed shells at N,Z = 20. This is supported by
the strong population of this state in the 36Ar(6Li, d)40Ca reaction. Even more
dramatic is the evidence from the 32S(12C,�)40Ca reaction which suggests that the
5.21 MeV state results from the excitation of two proton pairs and two neutron
pairs across the N,Z = 20 shells. The energy spacing of the band built on the 5.21
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in Weisskopf units. The close spacing of
the 0+, 2+, 4+, 6+ band members and the
large B(E2) values indicate large deforma-
tion. There is also evidence for a Kº = 0°

and a Kº = 2+ band. (The states on
the left are believed to be predominantly
non-deformed one-particle-one-hole excita-
tions.) (The data are taken from Tilley
D.R., Weller H.R. and Cheves C.M. (1993),
Nucl. Phys. A564, 1.)
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Figure 1.74: The excited states of 40Ca
showing all known states up to 5.9 MeV and
selected other states. The first excited state
at 3.35 MeV is a 0+ proton-pair-neutron-
pair excitation across the 20-nucleon shell
gaps. Associated with it is a band of states
(shown directly above it) with spin-parities
2+, 4+, 6+ (cf. Figure 1.73 for 16O). There
is evidence for an even more deformed band
built on a 0+ state at 5.21 MeV. There is
also evidence for a Kº = 2+ band built
on the 2+ state at 5.2 MeV. (The data are
taken from Nuclear Data Sheets.)

This is reflected in its very close energy spacing and a very large B(E2) value
between the 4+ and 2+ states.

The structures of the deformed excited states in 40Ca are revealed by the multi-
nucleon transfer reactions summarised in Figure 1.75. The first excited 0+ state
in 40Ca can be interpreted as resulting from the excitation of both a proton pair
and a neutron pair across the closed shells at N,Z = 20. This is supported by
the strong population of this state in the 36Ar(6Li, d)40Ca reaction. Even more
dramatic is the evidence from the 32S(12C,Æ)40Ca reaction which suggests that the
5.21 MeV state results from the excitation of two proton pairs and two neutron
pairs across the N,Z = 20 shells. The energy spacing of the band built on the 5.21

87

Doubly	closed	shell	nuclei	with	N	=	Z	exhibit	shape	coexistence	at	(rela?vely)	
low	energy.		
	
Shape	coexistence	appears	to	be	universal,	and	it	is	essen?al	to	iden?fy	its	
occurrence	at	low	energy.		
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Excited	0+	states	at	closed	shells:		Shape	coexistence	
in	the	double-closed	shell	nuclei	40Ca	and	56Ni	

Figure from K. Heyde and J.L. Wood, Rev. Mod. Phys. 83, 1467 (2011) 

40Ca 56Ni 

E. Ideguchi et al.,  
PRL 87, 222501 (2001) 

D. Rudolph et al., 
PRL 82, 3763 (1999) 



The	Hoyle	state	(7.65	MeV	state	in	12C)	

it would be expected that the angular correlation should
oscillate with a period given by jPJ½cosðψÞ$j2. As described
in Refs. [18,19], it is possible to infer from the oscillation
pattern of the data, the spin of the excited state. The
dependence of the yield on the angle ψ is shown in Fig. 3,
in which the data are compared with several Legendre
polynomials. The measured alpha spectrum and angular
correlation clearly point to the existence of a state at 22.4
(2) MeV with Jπ ¼ 5−.
In Fig. 4, we show the rotational band structure in 12C.

The ground state rotational band consisting of the levels 0þ,
2þ, 3−, 4', and the newly measured 5− state, follow a
JðJ þ 1Þ trajectory. Also, the recently identified rotational

excitations with 2þ [17] and 4þ [18] of the Hoyle state form
a JðJ þ 1Þ sequence, albeit with a larger moment of inertia.
Finally, as we discuss below, the negative parity states
1− and 2− shown in Fig. 4 are assigned as members of the
bending vibration with almost the same moment of inertia
as the Hoyle band.
We present an analysis of the cluster states in 12C in

terms of oblate symmetric top which is a special case of the
algebraic cluster model [1,2]. In this approach, the three
alpha particles are located at the corners of an equilateral
triangle. Their relative motion is described by two
perpendicular Jacobi vectors, ~ρ and ~λ, one vector connect-
ing two points on the triangle and the second one along the
half angle perpendicular to it. The corresponding algebraic
model describing such a system is based on theUð6þ 1Þ ¼
Uð7Þ spectrum-generating algebra [1,2].
Of particular interest is the oblate symmetric top limit

which corresponds to the geometric configuration of three
α particles located at the vertices of an equilateral triangle.
The rotation-vibration wave functions of a triangular
configuration can be written as [1,2]

∣N; ðv1; vl22 Þ; K; LPi: ð1Þ

Here, N is the total number of bosons. The energy spectrum
consists of a series of rotational bands labeled by (v1, v

l2
2 ).

Here, v1 corresponds to the breathing vibration with A
symmetry and v2 to the doubly degenerate bending vibration
with E symmetry; l2 denotes the vibrational angular
momentum of the doubly degenerate vibration, L the angular
momentum,K its projection on the symmetry axis, andP the
parity. Since we do not consider the excitation of the α
particles, the wave functions describing the relative motion
have to be symmetric, i.e., jK∓2l2j ¼ 3m a multiple of 3
[1,2]. This imposes some conditions on the allowed values of
the angular momenta and parity. For vibrational bands with
(v1, 00), the allowed values of the angular momenta and
parity are LP ¼ 0þ; 2þ; 4þ; …, with K ¼ 0 and
LP ¼ 3−; 4−; 5−; …, with K ¼ 3. The threefold symmetry
excludes states with K ¼ 1 and K ¼ 2 and leads to the
lowest predicted LP ¼ 4' parity doublet in the (v1, 00)
vibrational band. The predicted LP ¼ 4' parity doublet both
in the ground band and the Hoyle band is a strong signature
of this model. For the bending vibration with (0, 11), the
rotational sequence is given by LP ¼ 1−; 2−; 3−; 4−;…,
with K ¼ 1, LP ¼ 2þ; 3þ; 4þ;…, with K ¼ 2 and
LP ¼ 4þ;…, with K ¼ 4. The degeneracy of the states
with the same value of the angular momentum L but
different value of K is split by the κ2 term in Eq. (2) [2].
Since in the application to the cluster states of 12C, the
vibrational and rotational energies are of the same order, we
expect sizeable rotation-vibration couplings.
In the Uð7Þ algebraic cluster model, the energy eigen-

values of the oblate top, up to terms quadratic in the
rotation-vibration interaction, are given by:

FIG. 3 (color online). The projection onto the ψ axis of the
angular correlations for the 22.4 MeV state. The data points are
corrected for the acceptance of the detectors and connected with a
(continuous black) line to guide the eye. They are compared with
the Legendre polynomials jP5½cosðψÞ$j2 (dashed blue line) as
well as for l ¼ 4 (dotted red line) and l ¼ 6 (dotted-dashed red
line). Note that due to the unknown m-substate population of the
Jπ ¼ 5− state, the height of the oscillations cannot be predicted,
but the oscillatory phase determines the angular correlation to
arise from a Jπ ¼ 5− state.

FIG. 4 (color online). Rotational band structure of the ground-
state band, the Hoyle band, and the bending vibration in 12C.
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Measurement of the radiative branching ratio for the Hoyle state using cas-
cade gamma decays
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Abstract. A new setup consisting of four 5” by 5” NaI scintillators and an array of particle detectors is being
developed. Proton-gamma-gamma coincidences will be measured using the 12C(p, p′ )12C reaction at 10.5 MeV
energy. The new setup will be used for the measurement of the electromagnetic decay rate of the Hoyle state via
two E2 transitions. We report the initial experimental results for singles gamma and gamma-proton coincidences
through inelastic scattering of protons on a 12C target.

1 Introduction
It is well known that carbon is produced in the universe by
the triple-alpha reaction in helium-burning red giant stars.
In 1953, Fred Hoyle realised that the fact that any signifi-
cant carbon in the Universe requires a resonant state in 12C
very near 7.7 MeV.

The subsequent observation of this state, known as the
Hoyle state, is often cited as the beginning of experimental
nuclear astrophysics [1]. The first observation of the Hoyle
state was made by Noel Dunbar in 1953 and has been de-
scribed as the most important experiment performed by an
Australian physicist [2].

The structure of the Hoyle state is difficult to explain.
It is generally believed to be based on α-clusters in a lin-
ear chain structure [3], however an alternative explanation
of the α clustering in analogy to ultra-cold gases has been
proposed [4]. Recent studies show that, based on ab initio
lattice calculations, the Hoyle state has a structure like a
compact triangular configuration of alpha clusters [5]. A
somewhat different picture emerged from the analysis of
the proton and α scattering data [6] suggesting that the α
particles form an open triangle shape or can be considered
as a loose assembly. However all recent studies exclude
the possibility of a linear chain structure.

Our project aims to improve the knowledge of the ra-
diative width of the Hoyle state through the observation of
the cascading gamma-rays, the 3.21 MeV and 4.44 MeV
transitions. One should note that there is only one exper-
imental spectrum [7] ever published showing the electro-
magnetic decay branch from the Hoyle state. We report
the initial experimental results from the detections of sin-
gles gamma and gamma-proton coincidences through the
inelastic scattering of protons on a 12C target.

ae-mail: badriah.alshahrani@anu.edu.au

2 3α reaction
The triple-alpha reaction has a significant role in the
production of carbon in the universe. The 3α process and
the formation of 12C are illustrated in Fig. 1. It is one
of the most important reactions in the field of nuclear
astrophysics.

Carbon production 
(0.04%) 

0+ 

2+ 

0+ 

4.44 MeV 

7.65 MeV 

E2 

E2 

E0 

Hoyle state 

12C 

8Be 

D"

D"

D"

D-decay 
(99.96%) 

12C

8B

12C 

Figure 1. 3α process and the formation of 12C.

We can describe the 3α reaction as follows: helium
nuclei fuse into heavier elements when the temperature is
high enough, typically around 108 K, and when the helium
density is in the order of 105 g/cm3 [8]. Two helium nuclei
fuse to form 8Be (an unstable isotope with short half-life
of 5 ×10−17 sec).12C is created when a third alpha particle
fuses with the 8Be nucleus, and the unstable Hoyle state is
populated, which has a short half-life around 2.4×10−16s.
The chain of this process is as follows:

4He + 4He↔ 8Be 4He + 8Be↔ 12C∗
Step I Step II

Article available at http://www.epj-conferences.org or http://dx.doi.org/10.1051/epjconf/20136301022

3α  7.37 MeV 

2α   -0.09 MeV 

I(I + 1) 

F.	Hoyle,	Astrophysical	J.	Suppl.		
Ser.	1		121		1954	

Sir	Fred	Hoyle	(1915-2001)	
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Shell-model	states:	

many-parScle	bookkeeping	in	spherical	nuclei		
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B42	vs.	B20	for	singly	closed-shell	nuclei		
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B42	vs.	B20	for	singly	closed-shell	nuclei		
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Deformed	bands	built	on	excited	0+	states		
at	closed	shells:	Sn	isotopes	

R&W	Fig.	1.76	

B(E2)s	in	W.u.	[100	=	rel.	value]	
	



Evidence	for	mixing	of	41+	and	42+	configuraSons	
	in	116Sn	
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FIG. 1. A partial level scheme of 116Sn where only selected
transitions are presented to highlight the strong mixing that
occurs between the low-spin members of the intruder band
with other low-lying states. The widths of the arrows repre-
sent the E2 transition strengths. Only upper limits are avail-
able for the 166-, 198-, 304-, and 417-keV transitions. The
270-keV 0+3 ! 0+2 transition has an E0 transition strength of
⇢

2=103 ·103 [5]. The half-life of the 3032-keV state has not
been measured, so the widths of the arrows for the 503- and
641-keV � rays represent their B(E2) values relative to each
other.

should be treated with some caution as it is dependent
on an estimate of the intensity of the 85-keV � ray and
�-ray intensities from Ref. [7]. Even though questions
were raised as to which 0+ state was the band head of
the ⇡ 2p�2h band [8], the 1757-keV 0+2 state was adopted
as the band head and other possibilities were not further
investigated.

The 2+2 and 2+3 states: There is no evidence that sug-
gest strong mixing between these low-lying 2+ states. As
only weak transitions are observed populating the excited
0+ states from the 2225-keV 2+3 state, the majority of the
rotational character of the ⇡ 2p� 2h band is assumed to
be contained in the 2112-keV 2+2 state. The 2225-keV 2+3
state is strongly populated in the (d, p) reaction with a
spectroscopic factor of 0.98 [9], indicating that it contains
primarily neutron character. The di↵erent configurations
of these two states is further highlighted by the absence
of the 113-keV � ray that would connect them.

The 4+1 and 4+2 states: The 2391-keV 4+1 and 2529-
keV 4+2 states are both populated by the 6+ member
of the rotational band (at 3033 keV) via 641-keV and
503-keV � rays respectively. The half-life of the 3033-
keV state has not been measured, but the ratio B(E2;

641 keV)/B(E2; 503 keV) can be deduced as 1.9(2) from
previously reported �-ray branching ratios [10]. Each 4+

state has a strong transition strength to the 2+ rota-
tional band member (at 2112 keV), which suggests that
these states are mainly comprised of proton configura-
tions. Further evidence of the similar structure of these
states comes from the observation of the intense 138-keV
� ray that connects them. This fact suggest that the 4+1
and 4+2 states are mixed in a similar manner to the 0+2
and 0+3 states.
The low-lying levels of 116Sn are populated in the �

�

decay of 116In. In the past, such studies have been lim-
ited; there are measurements from over 30 years ago
[5, 8], and a recent study constrained to �-ray sin-
gles spectroscopy [11]. Today, intense sources of mass-
separated radioactive indium isotopes can readily be pro-
duced, and when combined with large arrays of Compton-
suppressed high-purity germanium (HPGe) detectors, al-
lowing for very weak decay branches in the tin daughters
to be studied with high precision.
In the present work the nature of these low-lying states

is further investigated in a detailed study of 116Sn from a
high-statistics �

� decay measurement. Evidence is pre-
sented to show that the 2027-keV 0+3 state should replace
the 1757-keV 0+2 state as the band-head of the intruder
⇡ 2p� 2h rotational band.

EXPERIMENTAL SETUP

The measurements were performed with the 8⇡ spec-
trometer at the TRIUMF-ISAC facility in Vancouver,
BC [12]. A radioactive beam of 116In was produced
by spallation reactions of a 40-µA, 500-MeV proton
beam delivered by the TRIUMF cyclotron onto a natTa
high-power production target. A singly-charged mass-
separated beam of A=116 ions was produced with a
surface ionization source. The resulting beam delivered
to the 8⇡ spectrometer consisted of 1.2x104 s�1 of the
I⇡=1+ T1/2=14.10(3) s 116gIn ground state, 4.0x106 s�1

of the I⇡=5+ T1/2=54.29(17) min 116m1In isomer, and
3.2x105 s�1 of the I⇡=8� T1/2=2.18(4) s 116m2In isomer.

The beam was implanted onto a moveable mylar tape
at the center of the 8⇡ spectrometer for cycles of one
hour of beam implantation followed by one hour with-
out beam. The implantation spot on the tape was trans-
ported behind a thick lead wall after each cycle to reduce
the probability of detection of any long-lived contami-
nants that may have been present. The 8⇡ spectrome-
ter consists of 20 high-purity germanium (HPGe) detec-
tors equipped with bismuth germanate (BGO) Compton-
suppression shields. The array was coupled with a plas-
tic scintillator for � particle detection located at zero
degrees with respect to the beam, and the PACES ar-
ray of 5 Si(Li) detectors for conversion-electron detec-
tion [13]. The resultant �-singles data contained 6x109

Decay	of	61+	state	to	41+	and	42+	states	
with	near	equal	intensi?es	indicates	that		
the	two	underlying	4+	configura?ons	must	
be	strongly	mixed.	

116Sn	



E2	transiSons	associated	with	shape	coexistence	in	114-120Sn	
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B(E2;	02+	è	21+)	vs.	E(02+)	–	E(21+):	shape	coexistence	and	mixing	
yields	B(E2;	02+	è21+)	~	α2	β2	(ΔQ)2	
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Shape	coexistence	in	the	singly	closed-shell	
	lead	(Z	=	82)	isotopes		(isotope shift) and between the ground state and isomeric

state of 185Hg (isomer shift) is directly related to large
differences in nuclear deformation. The key prerequisite for
a measurable mean-square charge radius is that the nuclear
species, ground state or isomeric state, live long enough to be
isolated for optical hyperfine spectroscopic measurements.

Further discussion of the structure of 185Hg and the fact that
its neighbors do not have reported isomer shifts is taken up
shortly. Other occurrences of large isotope and isomer shifts
are described later.

The emerging picture in the Hg isotopes (Z ¼ 80) (see
Fig. 10) raised the question of the survival of the Z ¼ 82
closed shell in this region. This led to intensive study of the
even- and odd-Pb isotopes. A landmark paper was the obser-
vation of multiple low-lying excited 0þ states in 186Pb using
!-decay spectroscopy of 190Po (Andreyev et al., 2000). The
discovery of a spherical high-spin isomeric state and two
deformed, high-K isomeric states in 188Pb was instrumental
in characterizing the presence of coexisting nuclear shapes
(Dracoulis, 2000) as shown in Fig. 11.

!-decay spectroscopy, combined with in-beam "-ray spec-
troscopy, particularly using recoil-decay tagging (Paul et al.,
1995), has led to a clear picture of coexisting states in the
even- and odd-mass Pb isotopes (Julin, Helariutta, and
Muikku, 2001) and is shown in Figs. 12 and 13, respectively.

Figure 12 reveals that three coexisting structures
(cf. Fig. 11) occur systematically in the even-Pb isotopes.
This can be discerned from the dashed lines connecting the
various states in these isotopes. In 188Pb the two deformed
structures are connected by E0 transitions (Dracoulis et al.,
2003) and in 194;196Pb one of the deformed structures and
the spherical structure are connected by E0 transitions

FIG. 11. Schematic view of characteristic states, in particular,
emphasizing high-spin isomeric states, as indicators of shape coex-
istence (‘‘high-M’’ should read ‘‘high-J’’). From Dracoulis, 2000.
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FIG. 12. Systematics of excited states in the even-Pb isotopes. Note the parabolic intrusion of states centered on 186Pb (N ¼ 104). Heavy
downward arrows indicate states connected by E0 transitions. Upward pointing arrows indicate excitations above which states have been
omitted. Lifetimes of the J ¼ 12 seniority isomers are given: Note that this state coexists with intruder states in 188Pb, particularly with a K
isomer shown in Fig. 23 (discussed further in the text). The data are from Julin, Helariutta, and Muikku (2001), Dracoulis et al. (2003, 2004),
Pakarinen et al. (2007), Rahkila et al. (2010), and Nuclear Data Sheets. There are recent lifetime data for 188Pb (Dewald et al., 2003; Grahn
et al., 2006, 2008) and 186Pb (Grahn et al., 2006, 2008).
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Figure:	Heyde	&	Wood	 Heavy	arrows	indicate	E0+M1+E2	transi?ons	
188Pb:	G.D.	Dracoulis	et	al.,	PR	C	67		R	051301		2003		
	



LECTURE	2:	DISCUSSION	



Some	ques?ons	
•  If	you	plan	a	program	of	half-life	measurements	for	21+	states,	which	ones	

would	you	choose	to	re-measure	in	the	Z	≥	28,	N	≤	82	region?	
•  With	respect	to	208Pb,	what	did	Heusler	et	al.	achieve?				



	Values	of	B(E2;	21+	à	01+)	in	Weisskopf	units	(W.u.)	for	nuclei	in	the	region	Z	≥	28,	N	≤82.		
The	heavy	black	dots	mark	the	singly	closed-shell	nuclei	at	Z	=	28,	50	and	N	=	50,	82.	Solid	lines		
connect	isotopes	and	dashed	lines	connect	isotones.	Note	the	ver?cal	compression	above	100	W.u.	
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Seniority	structures	for	the	heavy	N	=	82	isotones.	The	structure	of	the	higher-mass	nuclei	reflects	the	dominance	
of	the	1h11/2	orbital.	The	structure	of	146Gd	exhibits	a	strong	“depression”	of	the	ground	state	energy	as	a	result	of		
the	(3s1/2)2,	v	=	0	configura?on	mixing	with	the	(1h11/2)2,	v	=	0	configura?on.	A	similar	ground	state	depression		
occurs	in	147Tb	for	v	=	1	configura?ons.	The	strength	of	the	mixing	of	these	configura?ons	can	be	inferred	to	be	
~	1	MeV,	by	visual	inspec?on.	The	states	with	Jπ	=	4+,	6+	in	152Yb	and	154Hf	are	by-passed	in	the	decay	of	the	8+	state		
by	way	of	lower-lying	5-	and	7-	states.	The	10+	state	is	known	to	influence	the	decays	in	154Hf	through	the	isomeric		
nature	of	the	decay,	but	the	very	low	energy	of	the	10+	à	8+	transi?on	was	outside	of	the	range	of	sensi?vity	of		
the	measurements	made.	There	are	candidate	6+	states	known	in	146Gd,	but	an	unambiguous	assignment	has	not		
been	made.	The	2d3/2	orbital	also	is	influencing	the	low-energy	structure	of	146Gd.	The	energies	are	arbitrarily	
normalized	at	spin	8	and	27/2.				



Shape	coexistence	in	the	doubly	closed-shell	nucleus	
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Figure 1.73: The excited states of 16O
showing all known states up to 11.1 MeV
and selected other states. The first ex-
cited state at 6.049 MeV is a 0+ proton-
pair-neutron-pair excitation across the 8-
nucleon shell gaps. Associated with it is
a band of states (shown directly above it)
with spin-parities 2+, 4+, 6+. Their inter-
relationship is supported by gamma-ray de-
cay data for which B(E2) values are given
in Weisskopf units. The close spacing of
the 0+, 2+, 4+, 6+ band members and the
large B(E2) values indicate large deforma-
tion. There is also evidence for a K� = 0�

and a K� = 2+ band. (The states on
the left are believed to be predominantly
non-deformed one-particle-one-hole excita-
tions.) (The data are taken from Tilley
D.R., Weller H.R. and Cheves C.M. (1993),
Nucl. Phys. A564, 1.)
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Figure 1.74: The excited states of 40Ca
showing all known states up to 5.9 MeV and
selected other states. The first excited state
at 3.35 MeV is a 0+ proton-pair-neutron-
pair excitation across the 20-nucleon shell
gaps. Associated with it is a band of states
(shown directly above it) with spin-parities
2+, 4+, 6+ (cf. Figure 1.73 for 16O). There
is evidence for an even more deformed band
built on a 0+ state at 5.21 MeV. There is
also evidence for a K� = 2+ band built
on the 2+ state at 5.2 MeV. (The data are
taken from Nuclear Data Sheets.)

This is reflected in its very close energy spacing and a very large B(E2) value
between the 4+ and 2+ states.

The structures of the deformed excited states in 40Ca are revealed by the multi-
nucleon transfer reactions summarised in Figure 1.75. The first excited 0+ state
in 40Ca can be interpreted as resulting from the excitation of both a proton pair
and a neutron pair across the closed shells at N,Z = 20. This is supported by
the strong population of this state in the 36Ar(6Li, d)40Ca reaction. Even more
dramatic is the evidence from the 32S(12C,�)40Ca reaction which suggests that the
5.21 MeV state results from the excitation of two proton pairs and two neutron
pairs across the N,Z = 20 shells. The energy spacing of the band built on the 5.21

87

Energies	of	states	are	given	in	keV.	
	
B(E2)	values	are	given	in	W.u.	
	
States	on	the	far	le{	are	spherical.	
	
The	beginnings	of	three	deformed	
bands,	with	K	=	0,	0,	2,	are	shown.	

H.	Morinaga,	PR	101		254		1956	

R&W	Fig.	1.73	



N	=	50	

N	=	82	

Shape	coexistence	at	closed	shells:		
	the	N	=	50,	82	isotones	

80Ge*	E(02+)	=	639	keV,		see:		
A.	Go|ardo	et	al.,	
PRL	116		182501	(2016)	
*N	=	48	



E0	transiSons	associated	with	shape	coexistence	in	114-120Sn	
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							J.	Kantele	et	al.,	ZP	A289,	157	(1979)													T.	Kibedi	and	R.H.	Spear,	ADNDT	89,	277	(2005)	
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>36	

Mixing	of	close	lying	configura?ons	with	different	mean-square	charge	radii	produces	E0	strength	



E0	TransiSons:	shape	coexistence	and	mixing	

E0	transi?on	strengths	are	a	measure	of	the	
	off-diagonal	matrix	elements	of	the	
mean-square	charge	radius	operator.		

Mixing	of	configura?ons	with	different		
mean-square	charge	radii	produces	
	E0	transi?on	strength.		

Ω	values:		h|p://bricc.anu.edu.au	

τ:	par?al	life?me	for	E0	decay	branch	

J.	Kantele	et	al.	Z.	Phys.	A289	157	1979	
and	see	
JLW	et	al.	Nucl.	Phys.	A651		323		1999		



The	nature	of	the	shape	coexisSng	state	in	116Sn	
revealed	by	(3He,n)	transfer	reacSon	spectroscopy	
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Spectrum	taken	from	H.W.Fielding		et	al.,	
NP	A281,	389	(1977)	
	



Two-state	mixing	


